We introduce an alternative approach to the third order helicity of a volume preserving vector field X. The proposed approach exploits correspondence between the Milnor µ 123 -invariant for 3-component links and the homotopy invariants of maps to configuration spaces, and we provide a simple geometric proof of this fact in the case of borromean links. Based on these connections we develop a formulation for the third order helicity of X on invariant unlinked domains of X, and provide Arnold's style ergodic interpretation of this invariant as an average asymptoticμ 123 -invariant of orbits of X. We also obtain a lower bound for the L 2 -energy of X.
Introduction
A purpose of this paper is to develop a particular formula for the third order helicity on certain invariant sets of a volume preserving vector field X. The third order helicity, [3] , is an invariant of X under the action of volumorphisms isotopic to the identity (denoted here by Diff vol 0 (M)). Importance of such invariants stems from the basic fact that e.g. the evolution of the vorticity in the ideal hydrodynamics or the magnetic field B 0 in the ideal magnetohydrodynamics (MHD), occurs along a path t −→ g(t) ∈ Diff vol 0 (M), [3, p. 176] . Namely, B(t) = g * (t)B 0 which is a direct consequence of Euler's equations:
One often says that the magnetic field B is frozen in the velocity field v of plasma, the action by Diff vol 0 (M) is often referred to as frozen-in-field deformations. The fundamental example of such invariant defined for a general class in Vect vol (M) is the helicity H 12 (X 1 , X 2 ) defined for a pair of vector fields X 1 and X 2 on M = S 3 or a homology sphere. Helicity has of a link in S 3 which allows each component of the link to pass through itself but not through a different component. Clearly, this is a weaker equivalence than the equivalence of links up to isotopy where components are not allowed to pass through themselves at all. The fundamental example of aμ-invariant is the linking number (denoted byμ 12 ) which is a complete invariant of the 2-component links up to link homotopy. In the realm of 3-component links the relevant invariants are the pairwise linking numbersμ 12 ,μ 23 ,μ 32 , and the third invariantμ 123 in Z gcd(μ 12 ,μ 23 ,μ 32 ) , which is a well defined integer if and only if µ 12 =μ 23 =μ 32 = 0. In the second part of the paper we will interpret this statement as a topological condition on the invariant set of a vector field. A precise definition ofμ-invariants is algebraic and involves the Magnus expansion of the lower central series of the fundamental group: π 1 (S 3 − L) of the link complement. We refer the interested reader to the works in [23, 24] . In the remaining part of this section we will prove thatμ 123 (L) is a Hopf degree for an appropriate map associated to the link L, provided that the link is borromean, i.e. the pairwise linking numbers are zero (note that the borromean links are more general then so called Brunnian links, [23] ).
Let us review basic facts about the Hopf degree H (f ) of a map f : S 3 −→ S 2 , (see e.g. [6] ). The well known property of the Hopf degree is that H : f −→ H (f ) provides an isomorphism between π 3 (S 2 ) and Z. Recall that, up to a constant multiple, we may express H (f ) as (M = S 3 )
where ν is the area 2-form on S 2 , and α satisfies ω = f * ν = dα. Notice that f * ν is always exact since the cohomology of S 3 in dimension 2 vanishes (i.e. H 2 (S 3 ) = 0). We may also interpret H (f ) as an intersection number, [6, 25] . Namely, consider two regular values p 1 and p 2 ∈ S 2 of the map f , then l 1 = f −1 (p 1 ) and l 2 = f −1 (p 2 ) form a link in S 3 , and the integral formula (2) can be interpreted, as the intersection number of l 1 with the Seifert surface spanning l 2 :
If we replace S 3 with an arbitrary closed compact orientable 3-dimensional manifold M, we may still obtain an invariant of f : M −→ S 2 this way, provided that the condition f * ω = dα holds.
Proposition 2.1. Let M be a closed Riemannian manifold, and ν ∈ Ω 2 (S 2 ) the area form on S 2 . The formula (2) provides a homotopy invariant for a map f : M −→ S 2 , if the 2-form f * ν is exact. Up to a constant multiple this invariant can be calculated as an intersection number defined in (3) , where l 1 = f −1 (p 1 ) and l 2 = f −1 (p 2 ) form a link in M, where both l 1 and l 2 are null-homologous.
Proof. Given a homotopy F : I × M → S 2 , f 1 = F (1, · ), f 0 = F (0, · ), we defineω = F * ν.
3
We haveω = F * ν = dα,
) are appropriate inclusions. The "potentials":α {0}×M , α 0 , andα {1}×M , α 1 differ by a closed form
therefore the Stokes Theorem immediately implies that Formula (2) is independent of the choice of the potential. For the proof of invariance we repeat the standard argument in [6,
The interpretation of H (f ) as the intersection number (3) is the same as in [6, p. 230] .
to it, and interpret its Hopf degree as the Milnorμ 123 -invariant. Recall, the definition of the configuration space of k points in M:
As an introduction to the method we review the Gauss formula for the linking number
Denote parameterizations of components by L 1 = {x(s)}, L 2 = {y(t)} and consider the map
where r(x, y) = x−y x−y is a retraction of Conf(R 3 , 2) onto S 2 . It yields the classical Gauss linking number formula, up to a constant multiple: 
, n) and their homotopy classes. More specifically, he proposed specific cohomology classes of the based loop space of Conf(R 3 , n) as candidates for appropriate linkhomotopy invariants of L. In [13] , it has been observed that, in the 3-component case it is beneficial to consider Conf(S 3 , 3), and L ⊂ S 3 , since the topology of Conf(S 3 , 3) simplifies dramatically (in comparison to Conf(R 3 , 3)). We review this simplification in the following paragraph as it is essential for the proof of the next theorem.
Consider
parametrized by {x(s), y(t), z(u)} and the following map
In order to explain the map H :
, and consequently deformation retracts onto S 3 × S 2 . Denote by H :
2 factor. Considering S 3 as unit quaternions, the map H can be expressed explicitly by the formula, [13] :
where · stands for the quaternionic multiplication, −1 is the quaternionic inverse, and pr : S 3 −→ R 3 the stereographic projection from 1. As a result one has the following particular expression for F L :
At this point we note that one has a freedom in choosing the deformation retraction H in (5) but this particular formula makes the proof of the main theorem of this section possible. By the borromean rings we understand any 3-component link withμ 123 = ±1 link homotopic to a link with diagram presented on Figure 4 (where the sign can be determined from the orientation of components). 
where the sign depends on the choice of orientations.
This fact will follow from the proof, but we will show in Corollary 2.5, that it holds if and only if the pairwise linking numbers of L are zero. The method relies on a direct calculation of H (F L Bor ), for a carefully chosen parametrization of L Bor in S 3 . This calculation is achieved by visualization of the link l S,N = l S ∪ l N in T, and application of Formula (3), where 
and choose a specific parametrization of the Borromean rings L Bor in S 3 , as follows: define the L 1 component of L Bor to be the great circle through 1 in S 3 , parametrized as
Notice that pr(x(s)) parameterizes the z-axis in R 3 . Because
we observe that multiplication by x(s) −1 is a rotation by angle s in (w, z)-plane and (x, y)-plane of R 4 , and the flow defined by this S 1 -action is tangent to the great circles of S 3 . Consequently, the projected flow on R 3 via the stereographic projection pr :
presents the standard picture of the Hopf fibration, and the S 1 -action "pushes" points in R 3 along Hopf circles. Let us call a Hopf torus in R 3 the r-torus if and only if it contains a circle of radius r in the (x, y)-plane and is invariant under the S 1 -action. Figure 1 shows how to define the second and the third component {L 2 , L 3 } of the Borromean rings L Borr in the stereographic projection. L 2 will be the annuli with a rounded wedge removed, i.e. an arc A 1 of the circle of radius 1 and A 2 arc belongs to the circle of radius r ǫ = (1 + ǫ) in the (x, y)-plane. The component L 3 is chosen to be a vertical ellipse linking with L 2 , which belongs to the r ǫ/2 -torus, and projects on the (x, y)-plane as a segment. Recall that every point on an r-torus traces a (1, 1)-curve under the S 1 -action. This motion, for sufficiently small ǫ, can be regarded as a composition of the rotation by angle s in both the direction of the meridian and the longitude of an r-torus. Therefore for different values of s the S 1 -action "rotates" the components L 2 and L 3 , by sliding along the Hopf tori by angle s in the meridian and the longitudinal direction, we denote links obtained this way by
Arc A 1 is a part of the unit circle on xy-plane, A 2 is a part of circle of radius 1 + ǫ.
(i) The z-axis stays invariant under the S 1 -action.
(ii) A 2 slides, under the S 1 -action, on the r ǫ -torus, A 1 simply rotates around the z-axis in the (x, y)-plane. We seek to visualize the projection of l S,N = l S ∪ l N on the su-face and st-face of the domain
(it is convenient to think about T as a cube in (s, t, u)-coordinates, see Figure 3 ). For example when s = 0, (x(0) = 1), a point (0, t 0 , u 0 ) belongs to l N , if and only if the vector v 0 = pr(y(t 0 )) − pr(z(u 0 )) "points North", i.e. in the direction of N = (0, 0, 1), analogous condition holds for S = (0, 0, −1), and l S . Thus in order to determine a diagram of l S,N , we must keep track of the "head" and "tail" of the vector 
An alternative way to view this condition is the following: for a given value of s the coordinates u and t of points in l S,N can be identified with points on L Collecting this information, we may draw the projection of the link l S,N on the su-face of T, which is represented by square (A) in Figure 3 . Analogously, the projection of l S,N on the st-face of T, is represented by square (B). The dashed line indicates the l N component of l S,N and the solid line indicates l S . In order to obtain the diagram of l S,N we will resolve the double points on Diagram (A) into crossings, ((B) can be resolved analogously). For example let us resolve the "circled" double point on (A), which occurs for s = π 2 , of the left two stands of l S,N . It suffices to determine the value of the t-coordinate at this point. Diagram (B) tells us that l S is below l N because T is oriented so that the t-axis points above the su-face (see top of Figure 3 l N . Observe that strands in l S and l N are oppositely oriented, which follows from the fact that they are null-homologous in H 1 (T), there are an obvious annuli bounding l S and l N on Diagram (C). Clearly, the linking number of l S and l N is equal to ±2, since the intersection number of e.g. l S with the obvious annulus on Diagram (C) is ±2. This proves (6) . 
is a 3-component link with vanishing pairwise linking numbers then
Proof. Clearly, if L and L ′ are link-homotopic then F L and F L ′ are homotopic maps. By the Milnor classification of 3-component links up to link homotopy (see [23] ), every 3-component link L with zero pairwise linking numbers andμ 123 = ±n is represented by the right diagram on Figure 4 . Consequently, up to homotopy, the associated map F L can be obtained from F L Borr by covering one of the S 1 factors in T, n-times.
Lemma 2.4 ([11]). We have the following isomorphisms
and the induced homomorphism i
Proof. The Hurewicz Theorem tells us that
representing each 2-sphere in the 2-skeleton (c.f. [12] ). The group of permutations S 3 acts on Conf(R 3 , 3) by permuting coordinates. As a consequence of this we obtain the action on generators of H 2 (Conf(R 3 , 3)) by permutation. We have seen that Conf(S 3 , 3) has the homotopy type of S 3 × S 2 thus π 2 (Conf(S 3 , 3)) = Z, and let us denote the generator by α. Now, i * A ij = k α, k ∈ Z, notice that i * A 23 = α since i • A 23 = id S 2 , using the action by permutations we obtain i * A ij = α.
where lk(L k , L l ) is the linking number between the components parameterized by k, and l.
Proof. By definition
Results of Theorem 2.2 and Proposition 2.1 combined with Formula (2) allow us to express
for
where ν is the area form on S 2 , and H : Conf(S 3 , 3) −→ S 2 is the deformation retraction (as e.g. in (5)). Alternatively, we may view ω as a 2-form on (S 3 ) 3 which is singular along the diagonals ∆ ⊂ (S 3 ) 3 , and the singularity is of order O(r 2 ), where r is a distance to ∆. Consequently, ω is integrable but not square integrable on (S 3 ) 3 . We also point out that the 2-form ω can be replaced with any other cohomologus 2-form in Conf(S 3 , 3).
Remark 2.6. Notice that the integral formula (9) is antisymmetric in the following sensē
where in the second identity the potential changes sign because the domain changes orientation.
3 Invariants of volume preserving flows. Helicity.
Given finitely many volume preserving vector fields
or a homology 3-sphere one seeks quantities I(X 1 , X 2 , . . . , X k ) invariant under the action of volumorphisms isotopic to the identity g ∈ Diff vol 0 (M), commonly known as higher-helicities:
where g * is a push-forward by a diffeomorphism g. To distinguish the case of a single vector field X (i.e. X = X 1 = . . . = X k ) we often refer to I(X) = I(X 1 , X 2 , . . . , X k ) as self-helicity. We elucidated in the introduction a fundamental example of such invariant is the ordinary helicity H(X 1 , X 2 ) of a pair of vector fields. In the the remaining part of this section we review well known formulations of the helicity, which will later help us to point out analogies to the proposed formulation of the 3rd order helicity. Let T = T 1 ∪T 2 represent two invariant subdomains (not necessarily disjoint) under flows of X 1 and X 2 in S 3 and let
Recall that the formula for H(X 1 , X 2 ), from [17, 30] , specialized to invariant subdomains T = T 1 ∪ T 2 may be expressed as
where ω is so called linking form on M × M. When T = M × M this formula is equivalent to a more commonly known expression:
) from the linking number of a pair of closed curves, which is expressed by Arnold's Helicity Theorem. For orbits {O 1 (x), O 2 (y)} of X 1 and X 2 through x, y ∈ M, we introduce the following notation for the long pieces of closed up orbits
where σ(x, y) denotes a short path, [30] , connecting x and y in M (see Section 5).
Theorem 3.1 (Arnold's Helicity Theorem, [2] ). Given X 1 , X 2 ∈ Vect vol (M), The following limit exists almost everywhere on M × M:
Moreover,m
, and
The functionm X 1 X 2 represents an asymptotic linking number of orbits {O 1 (x), O 2 (y)}, and the identity (15) tells us that the helicity H 12 (X 1 , X 2 ) is equal to the average asymptotic linking number. We will demonstrate, in coming paragraphs, how this philosophy is applied to obtain the asymptoticμ 123 -invariant for 3-component links and the third order helicity. 4 Definition of "μ 123 -helicity" on invariant unlinked handlebodies.
In this section we apply the formulation of theμ 123 -invariant for the 3-component links in S 3 , obtained in Section 2, to define the third order helicity of a volume preserving vector field X on certain invariant domains T in S 3 . As a "warm-up" to a more general case presented in Section 5, in the following paragraphs we consider the case of three disjoint unlinked handlebodies: T = T 1 ∪ T 2 ∪ T 3 each of genus g(T i ) in S 3 . When T represents three unlinked tubes (so called flux tubes, [3] ) in R 3 , the third order helicity has been developed by several authors [5, 22, 20] via the Massey product formula for theμ 123 -invariant, we compare our approach to these known works in Section 7.
We consider T i to have smooth boundary and the vector field X to be tangent to ∂T i , set
denote the flow of X on S 3 by Φ, and flows of restrictions X i by Φ i . Clearly, T is an invariant set of X. Given for any domain T with three connected components {T i } we may always associate a product domain in Conf(S 3 , 3) as follows
Notice that T is a domain with corners in Conf(S 3 , 3), and we use the same notation for the product of T i as for the union in S 3 . Wherever needed we also assume that (S 3 ) 3 is equipped with a product Riemannian metric. A domain T defined in (16) , where T i ∩ T j = Ø, i = j and each T i is a handlebody in S 3 is called unlinked handlebody if and only if the 2-form ω ∈ Ω 2 (Conf(S 3 , 3)) defined in Equation (9) is exact on T , i.e. ω has a local potential
Denote a volume preserving vector field and an unlinked handlebody T as (X; T ).
Remark 4.1. Notice that since ω is a dual cohomology class to the S 2 factor of Conf(S 3 , 3) ∼ = S 3 × S 2 , thus ω does not admit a global potential.
Because each handlebody T i has a homotopy type of a bouquet of circles H 1 (T i ) is generated by cycles {L k i } k=1,...,g(∂T i ) corresponding to the circles, which we call basic cycles. We have the following practical characterization of unlinked handlebodies:
Lemma 4.2. T is an unlinked handlebody if and only if lk(L
Proof. The standard pairing, [6] , H 2 (T ) × H 2 (T ) −→ R implies that a closed k-form is exact if and only if it evaluates to zero on all k-cycles of the domain. By the Künneth formula
Therefore the condition (18) is necessary and sufficient for ω to be exact on T . Let X be a volume preserving vector field on S 3 which admits an unlinked domain T which is invariant under its flow. We define theμ 123 -helicity of (X; T ) denoted by H 123 (X; T ) or H 123 (X 1 , X 2 , X 3 ) as follows:
where µ i denotes the pull-back of the volume form µ on S 3 under the projection
and ι X i is a contraction by a vector field X i , our notational convention is to denote by ι X i µ i both the forms on the base of π i and the pullbacks: π * i ι X i µ i . Notice that µ = µ 1 ∧ µ 2 ∧ µ 3 is a natural volume form on the product: S 3 × S 3 × S 3 . There are obvious analogies between the formula above, the formula for the helicity H 12 (X; T ) and the integral formula for theμ 123 -invariant (9) . Clearly, the 3-form
plays a role of the linking form as ω in the formula (11) for H 12 (X; T ). The main motivation behind this definition is the ergodic interpretation of H 123 (X; T ) as an average asymptotic μ 123 -invariant of orbits of X, and will become apparent in Section 5. Formula (19) can be also regarded as the third order helicity of three distinct vector fields X i , supported on the handlebodies T i . In Section 6 we indicate how to construct the potential α ω from the basic elliptic theory of differential forms. 
Proof. To prove (i) observe for every other potential α
where in (1) we applied d(ι X i µ i ) = 0 (since X i 's are divergence free), and in (2):
(because each vector field X i is tangent to the boundary ∂T i ), and
Next we show (ii), the proof is in the style of [5, 22] , but adapted to our setting. For any given g ∈ Diff vol (S 3 ), there exists a path t −→ g(t) ∈ Diff vol 0 (S 3 ), such that
Denote by V the divergence free vector field on S 3 , given by
is a flow of V , and push-forward fields X i by
It is well known (see Appendix B, or [15, p. 224] ) that 2-forms:
We also have a pathĝ(t) = (g(t), g(t), g(t)) in Diff
. Analogously for the volume preserving flowĝ(t) we obtain the vector fieldV = (V, V, V ) (recall that a tangent bundle T (S 3 ) 3 has a natural product structure). Equation (22) implies
(in the second equation we merely revoke our notational conventions:
3 ) = 0 at every t = t 0 . Notice that for small enough ǫ and t ∈ (t 0 − ǫ, t 0 + ǫ) we can assume, by (i), that α ω is a time independent potential obtained from slightly bigger domain T which satisfies
and is a deformation retraction of T (t 0 ). Without loss of generality we assume t 0 = 0, g(0) = id (S 3 ) 3 , and calculate at t 0 :
where in the last identity we applied (23) and the product rule for the Lie derivative. Now because ω ∧ α ω is time independent (for t ∈ (t 0 − ǫ, t 0 + ǫ)) by the Cartan magic formula we obtain
. Now, the same argument as in the proof of (i) shows that the right hand side of the previous equation is zero, because X t i are tangent to the boundary of T i (t).
Remark 4.4.
Notice that the above argument shows that if we replace α ω ∧dα ω by virtually any closed 3-form η on Conf(S 3 , 3) (or (S 3 ) 3 ) we obtain some invariant under frozen-infield deformations. Clearly, if η is exact we obtain trivial invariants, therefore the only candidates are cohomology classes of Conf(S 3 , 3) ∼ = S 3 × S 2 . In dimension 3, the only candidate cohomology class of Conf(S 3 , 3) is a dual of S 3 . Based on the considerations in Section 2 one may argue that an invariant obtained this way is trivial. Indeed the cohomology class η evaluated on any 3-torus obtained from a 3-component link in S 3 via the map L in (4) is zero. Therefore one could apply the approach via the Ergodic Theorem (as in Section 5) to show that η ∧ ι X µ 1 ∧ ι X µ 2 ∧ ι X µ 3 defines a trivial invariant. The crucial obstacle in extending the formula in (19) to encompass the whole S 3 is the fact that the potential α ω cannot be globally defined on Conf(S 3 , 3).
The ergodic interpretation of H 123 (X; T )
The following statement is often seen in literature [8, 9] :
Helicity measures the extend to which vector fields twist and coil around each other.
A beauty of Arnold's ergodic approach to the helicity H 12 (X) is that it makes this statement precise, by interpreting H 12 (X) as an average asymptotic linking number of orbits of X. But it also has a practical application as it allows us to extend our approach to certain invariant sets of X. In this section we apply this philosophy to our newly defined invariant H 123 (X; T ), and interpret it as the average asymptoticμ 123 -invariant of orbits of X. Moreover this ergodic interpretation leads us to an alternative, more intuitive proof of Helicity Invariance Theorem 4.3. We begin by observing that given a volume preserving vector field X on M and its flow Φ t , we may regard X as three vector fields on (M) 3 . Therefore (Φ, Φ, Φ) induces a natural
Observe that Φ is a volume preserving action on (M) 3 . Our analysis is rooted in techniques developed in [2, 19, 20] , the main tool is the the following 
converge almost everywhere. Moreover, the limit functionF satisfies
We may now define invariant unlinked domain T of X as an arbitrary Φ-invariant set, with topological closure T which belongs to a larger product of open sets T = T 1 × T 2 × T 3 in Conf(S 3 , 3), satisfying the following (A) T admits a short path system S, (B) Equation (17) holds on T .
By a system of short paths on T , [30, 3] , we understand a collection of curves S = {σ(x, y)} on each open set T i such that (a) for every pair of points x, y ∈ T i there is a curve σ(x, y) : I → T i in S, such that σ(0) = x and σ(1) = y, (b) the lengths of paths in S are uniformly bounded above by a common constant.
Topologically, every Φ-invariant set is a union of products of orbits of X in (S 3 ) 3 , it is often convenient to think of the orbits Φ-action as a foliation of (S 3 ) 3 , then Φ-invariant sets are just union of leaves of such foliation. A fundamental example of an invariant unlinked domain is the case of Φ-invariant set T contained in the product T = T 1 × T 2 × T 3 of disjoint open unlinked handlebodies T i . Notice that we do not require X to be tangent to ∂ T i in this case, and T always admits a short path system as we describe in the following Proof. Recall that a flux Flux Σ k (X i ) of a vector field X i though a cross-sectional surface Σ k is given by:
where 1-forms h k represent cohomology Poincaré duals of Σ k and we applied (28) in the third equation. Clearly,
where deg(γ, L j k ) measures how many times γ "wraps around" in the cycle L j k . For simplicity we first assume that T is modeled on a borromean link L = {L 1 , L 2 , L 3 } (see Figure 5 ).
which is a smooth function, and letH be the time average of H as in Theorem 5.1. It suffices to showm
Proof. Notice that thanks to our new interpretation, theμ 123 -invariant is not only a link homotopy invariant but a homotopy invariant of the associated map F O defined in (4) . Observe that each component O i can be homotopied inside of its handlebody T i to be come a bouquet of circles
Such that each factor in O i is a basic cycle in H 1 (T i ). As a result we obtain the associated map F b O , and
Interpreting, H (F b O ) as the intersection number and summing up intersection numbers we conclude (33).
In the case of borromean flux tubes modeled on L, (30) reduces to
where
Since the fluxes are invariant under frozen-in-field deformations Formula (30) is yet another proof of Theorem 4.3 in the setting of invariant unlinked handlebodies. In [20] the authors develop the same formula for the borromean flux tubes. This clearly must be the case as we deal with the same topological invariants of links via a different approach. Additional advantage of our formulation is that we do not have to separately deal with null points of vector fields as in [20] . We also note that in [20] the authors prove the helicity invariance only via Formula (34).
Energy bound.
In this section we indicate how the quantity H 123 (X; T ) invariant under frozen-in-field deformations provides a lower bound for the L 2 -energy E 2 (X) of a volume preserving field X on M = S 3 . For simplicity we restrict our considerations to the case of an invariant unlinked handlebody T , as in Section 4. For the notation used in this section see Appendix C.
Recall the definition
The ordinary helicity H 12 (X) provides the well known lower bound (see [3, p. 123] ):
where λ 1 is the first eigenvalue of the elliptic self adjoint operator * d :
e. the curl operator). Importance of such lower energy bounds, stems from an area of interest in the ideal magneto-hydrodynamics, [26] , as this constrains the phenomenon of "magnetic relaxation". A need for higher helicities can be justified by the fact that one may easily produce examples of vector fields X for which H 12 (X) vanishes, but the energy of the field X still cannot be relaxed. For example consider a classical case of borromean flux tubes T Borr with X smooth and vanishing outside the tubes. Moreover assume that orbits of X are just "parallel circles" inside each tube. By taking X = X 1 + X 2 + X 3 , bilinearity of H 12 ( · , · ) on Vect vol (S 3 ) and disjoint supports of X i yield
because "cross-helicities" H 12 (X i , X j ), i = j vanish by Formula (30), and self-helicities H 12 (X i , X i ) vanish as well because the average linking number of orbits is zero (orbits are just parallel circles). Nevertheless, Formula (31) tells us
thus we may regard H 123 (X; T ) as a possible "higher obstruction" to the energy relaxation or the third order cross-helicity of X on T .
To obtain a lower bound for E 2 (X) in such situations we notice that H 123 (X; T ) is the L 2 -inner product of the 6-forms: * (ω ∧ α ω ) and
, for a fixed Riemannian product metric on (S 3 ) 3 this constant depends on the domain T in (S 3 ) 3 . We estimate using the Cauchy-Schwartz inequality
(36)
where E 2 (X) = S 3 |X| 2 . To observe (1) first note that for any pair of forms: α ∈ Ω k (M), and β ∈ Ω j (N), on Riemannian manifolds M and N, on the product M × N we have
where π M : M × N −→ M and π N : M × N −→ N are the natural projections, (the proof is a simple calculation in an orthogonal frame of the product and is left to the reader). Now, identity (1) follows by applying (38) to the integrand in (36), and observing in the coframe {η i k } on the i-th factor of (S 3 ) 3 (X i = (a 1 , a 2 , a 3 )):
The next identity (2) follows from the Fubini's Theorem. Our next goal is to provide an estimate for C T . For this purpose we review some basic L 2 -theory of the operator d −1 (i.e. inverse of the exterior derivative d). The main goal is to estimate an L 2 -norm of the potential α ω of ω in (17) . Following the standard elliptic theory of differential forms, [27] , the potential α ω in (17) can be obtained via a solution to the Neumann problem for 2-forms on T (see Appendix C)
where n stands for the normal component of a differential form, and ∆ = dδ + δd. Because T is a domain with corners we replace it by a slightly larger domain T in (S 3 ) 3 with the same topology (i.e. T is a deformation retract of T ) but with smooth boundary ∂ T . Notice that because of the "gauge invariance" (i) of Theorem 4.3, in the definition of H 123 (X; T ) we my use the restriction of
to T (see Appendix C for justification of (40)). Associated to (39) is the Neumann Laplacian
which has a discrete positive spectrum {λ i,N } and eigenvalues satisfy the variational principle called Rayleigh-Ritz quotient, [10] . The first (principal) eigenvalue λ 1,N may be expressed as
We denote the inverse of ∆ N by
which restricts to a compact, self-adjoint operator on L 2 . As a result spectrum of G N is discrete and given as {1/λ i,N }. Note that based on these considerations we may define 
Moreover, we may estimate the constant C T :
where λ 1,N is the first eigenvalue of the Neumann Laplacian on Ω 2 ( T ).
Proof. We estimate
where we used the Green's formula [27, p. 60 ] and boundary conditions of (39) in the second identity. Now, because φ N = G N ω, and it is a well known fact that G N L 2 = 1 λ 1,N , (G N is compact self-adjoint on L 2 ) we obtain:
As a result we estimate C T :
Notably the best energy estimate has been obtained by Freedman and He, [15] , for the L 3/2 -energy of X, in the case when X admits an invariant domain T modeled on an ncomponent link L = {L 1 , . . . , L n } in R 3 . Their estimate is based on the asymptotic crossing number and reads
where the asymptotic crossing numbers ac(L k , L) for borromean links can be estimated below by a smallest genus among surfaces in R 3 \ {L 1 ∪ . . . ∪L k ∪ . . . ∪ L n } with a single boundary component L i . Since L 3/2 -energy of X bounds the L 2 -energy, via the Hölder Inequality, thus (43) leads to a lower estimate purely in terms of fluxes and topological data. It is not clear to the author if this approach can be extended to the case of invariant handlebodies considered in Section 4. A different, more optimal estimate, has been obtained by Laurence and Stredulinsky, via the Massey product formula, in [21] , but the proof is provided only in a special case of the vector field X.
Contrary to these lower bounds which are given in terms of topological data the estimate in (42) depends on the geometry of the domain T , and also ω L ∞ . Unfortunately, ω blows up on the diagonals ∆ ⊂ (S 3 ) 3 , and as a result the estimate is meaningless when the handlebodies T i get close to each other during the evolution of the magnetic field X. At this point, we need an assumption for T i to stay 1cm apart during the evolution. Another drawback is that λ 1,N is a geometric constant which is altered during the evolution as well. 7 Comparison to the known approaches via Massey products.
In several prior works [5, 14, 20, 22] higher helicities were developed via the Massey product formula forμ 123 . These approaches should be equivalent to the one presented here in the sense that invariants obtained this way measure the same topological information. Most notably the work [20] provides an explicit expression for the third order helicity of the borromean flux tubes, where the ergodic interpretation in the style of Arnold's asymptotic linking number is also provided. In [22] one finds the following formula for the third order helicity
where A i = d −1 (ι X i µ). This formula is valid for three distinct vector fields X i on a closed manifold M. For invariant domains with boundary (44) defines an invariant provided A i ∂M = 0, but this only happens in certain situations (e.g. M is simply connected, and A i 's are appropriately chosen). The most commonly known formula directly related to the Massey products was developed by Berger [5] , in the case of borromean flux tubes: T = T 1 ∪ T 2 ∪ T 3 :
in [5] it is expressed as a volume integral over T by applying so called gauge fixing. When T i are topologically solid tori there exists a single Massey product < a 1 , a 2 , a 3 > in the complement: S 3 \ T , and the 2-form A 1 ∧ F 23 + F 12 ∧ A 3 is its representative. When T i are handlebodies there are multiple Massey products in the complement S 3 \ T , but the formula (45) should still be valid. Such extensions were not so far considered in the literature and the volume integrals over T may be harder to obtain in such case. One may also point out that ergodic interpretations of Massey products are more involved, [20] , comparing to the approach presented in Section 5.
